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ABSTRACT 

A characterisation of uniformly non-l(n I )Orlicz space is obtained intrinsically 
in terms of the Young function determining the Orlicz space. It is shown 
that a uniformally non-10 )Orlicz space is reflexive. 

In a recent paper James [1] conjectured that a uniformly non-l~(t)Banach 
space is reflexive. Here it is proposed to establish the conjecture when the Banach 
space is an Orlicz space. We also obtain an intrinsic characterisation of uniformly 
non-l(, 1) Orlicz spaces. 

We start with the basic terminology and definitions required in what follows. 
Let (X, S, it) be a non-atomic measure space and • be a non-zero Young 

function. We adopt the convention O(u) = 0(I u I ) if u is a real number. The 
Orlicz set L~ is the set of all real valued #-measurable functions f such that 
M(f)  = SxO(f)d# < oo. It is known, Weiss [5], that L® is linear if and only if 
• satisfies the growth condition (I)(2u) < Kt~(u) for large values of u((1)(2u) < kO(u) 
for all u > 0) if #(X) is positive finite (if/~(X) is infinite). Further the linear space 
L® can be equipped with a norm It II by setting 

{1 i ~ > 0  and M(¢f) < 1} Iif II = inf ~ = . 

The normed linear space (L¢, II ll) is indeed a Banach space and we denote this 
Banach space by L~. For a detailed account of this class of Banach spaces we refer 
to Luxemburg [2], Weiss[5], and Zaanen [6]. 

REMARK 1. We assume throughout thae paper that • satisfies one or the other 
of the growth conditions ensuring that L® is linear. Thus, in particular (1)(u) is 
finite for all real u. Since (I) is convex continuous function it follows that if 
u > v > 0 and O(u) ~ 0 then O(u) > ¢~(v). 

REMARK 2. With regard to the functions M(f )  and f we note that M(f)  < 1 
if and only if [[fl[ 1 and M(f)  = 1 if and only if f = 1. 

Remark 2 is an easy consequence of the definitions. 

DEFINITION 1. (JAMES [1]). A normed linear space B is uniformly non-l(~ ~) 
(n > 2) if there exists a positive number 6 such that for any n elements xl ,  "",xn 
in B with [[ x, I1 < 1 it is true that 
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- (x l  _+ x2_+'"_+x.) [  _-< 1 - / i  
n 

for some choice of signs. 
REMARK 3. If a positive number ~ exists satisfying the above definition then 

it is clear that 1 > 1 - t5 >_ 1 In. 
In the case when the normed linear space B is the space L* the definition 1 may 

be reformulated as follows. 

DEFIr~mo~ 2. L* is uniformly non-l~ t j) if for some positive number ~, 
l < ~ < n ,  

M ( ~ f l + - f 2 + ' " t - f "  ) < 

for some choice of signs where f l ,  "" , f ,  are n functions in L~ such that M(fi) < 1. 
The equivalence of definitions 1 and 2 in the case of Banach spaces L~ follows 

from Remark 2. 
With regard to expressions of the form u 1 +__ u2 +__ "" + u, where {ui}~'=l 

are n real numbers we adopt the following notation. For a given n-set of reals {u~}in__ 1 
once for all we enumerate the 2"-1 possible expressions of the above form and 
designate them as Ea,E2,'.. ,E2.-,, and for K, l < K < 2  "-~ we denote by 
Ux the n-vector (ux,__+ u 2 , ' " , +  u,) where the signs in front of the u~ are the same as 
those occurring in front of u~ in E x. We define the permutations P ,  1 < t < n, 
of  any n-vector Y=(y~, . . . , y , )  by setting PtY=(p,yl ,ptyz, . . . ,pty,)  where 
PtYj = Yi+t-l(mod,) for 1 < i < n. Further TtU k = signrtPtU K where sign r t  = 1 
or - 1  according as the sign in front of ut in E K is + or - .  We define the 
functions S and S~ on the n-dimensional space R "by setting S(U)= ~ =  ~ O(u~) 
and 

S~(U;~)= ~'t~ ( ~ u' +- ''' q-u" 

where ~ is a real number, U = (ul, "", u,) and the summation in the definition of  $1 
is over the 2" - t  possible choices of signs. We denote by CIU the ith coordinate of 
the vector U. 

We proceed now to obtain characterisations of uniformly non-l~ 1) L* spaces. 
We present our characterisations separately in the cases (i)#(X) is infinite and 
(ii)#(X) is positive finite. 

THEOREM 1. I f  (X,S,p) is an infinite non-atomic measure space then L*~ is 
uniformly non-l~l) i f  and only if there exists a real number ~, ~ > 1, such that 

2 n -  1 

S~(U;~)__< S(U) if ui>=O. 
n 
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Proof. Suppose the function ~ satisfies the inequality in the theorem for some 
> 1. Let {fi}i"= ~ be n functions in L*  such that M(fi) < 1. The inequality above 

clearly implies 

( 2 M ~ f~ +-f2 +"" +.fn ~ M(f~) <= 2 ~-~ 
n n i = 1  

where the summation of the left side of  the inequality is over the 2"- l  possible 

choices of signs. Thus there is a choice of signs for which 

M ( ,  f l + J 2 + ' " + f " )  = 1. 

Hence by definition 2, L~ is uniformly non-l(. 1 ) . 
Conversely let L* be uniformly non-l(. 1). Let ¢ be a real number assured by 

definition 2 for such a space. If  possible let there be a n-vector U = (u~,-. . ,u,) 
with coordinates nonnegative reals such that 

2 n- 1 
s l (u ;~ )  > s(u). 

n 

Since • is convex function satisfying the growth condition ¢ ( 2 u ) <  K¢(u)  for 
u > 0 there exists a positive number 2 such that ~(~ u) < 2¢(u) for u > 0. Hence 
the inequality above implies S(U)> 0. Since (X, S,p) is an infinite non-atomic 
measure space there exist 2"-1 pairwise disjoint measurable sets {Ai}2=~ 1 such 
that 

n SAm1 n p(Ai)- 2 ._1S(U  ) • Let t i j . , = l ,  for 1 - < i < 2  " -1 ,  

be a measurable partition of  A~ such that 

1 
p(AT) - 2._ 1 S(U) 

Now we define n functions {f~}i% 1 in L* by setting 

2 n - 1  

fi = Z ~ CIT~UK~At K. 
K = I  t = l  

It is verified that 

M@ f '  + f2"4-'" +--f" ) nS,(U;~) 
n = 2,_aS(U) > 1 

for any combination of signs while M(f,) = 1 for 1 _< i < n. Thus a contradiction 
on the choice of  ~ is obtained and the proof  of the Theorem is complete. 

We proceed to the case when 0 < p(X) < oo. We state first a definition and 
establish some auxiliary lemmas. 
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Following the terminology in Nakano 13] the Banach space L* is said to be 
uniformly finite if 

sup M(Kf )  < oo 
M ( f ) <  1 

for any positive real number K. 

LEMMA 1. I f  L* is uniformly finite then if (f,},_>_ i is a sequence of functions 
in theuni t  bal lofL* such that IIf, I1-  1 a s  n ~ oo then M ( f , ) ~  1 as n ~ oo. 

The proof of the lemma is an immediate consequence of Th. 4 on p. 224 in 
Nakano [-3]. 

LEMMA 2. I f  L* is uniformly finite and if there exist real numbers t and tl 
0 < t, tl < 1, such that if  (f~},"= 1 are any n functions in the unit ball of L* with 
M(fi) >__ 1 - t for 1 < i < n then for some choice of signs 

M (  fx + ' " + - f "  ) < 1 - 

L* is uniformly non-l~ 1) . 

Proof. If L* is not uniformly non-1, (t), then for any sequence of reals ~i such 
{fi }j____ 1, 1 < i < n in the unit ball of  that ~j > 1 and ~j ~ 1 there exist n sequences J 

L* with the property 

1 
- -  < 

Cj 
f /  +- "" +-f~ < 1 

- = 

n 

for all choices of signs, Thus 

lim f~ + "'" +~ - - ~ 1 

j ~ o o  ~ n 

for all choices of signs. Since IIf  II =< ~ each of the sequences J {f~ }j---l admits a 
subsequence J {gi }j~l 1 < i < n, such that lim 11 g,J" II- '  1 for i, a ~ i _ n, and 

j ~ o o  

lim ]l gl ±"" --+g2 II-  1 
j--, oo n 

for all choices of signs. Since L* is uniformly finite, by Lemma 1 M(g•) ~ 1 as 
j ~ oo for 1 < i <  n, and 

lim M (  g / - I - . . . - I -g~  ) = 1 
j--, oo n 

for all choices of signs, a contradiction on the inequality in the hypothesis. 
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LEMMA 3. I f  (X,S,I~) is a positive finite measure space and if there are two 
positive numbers 2, ~ and v with ~ > 1 such that ~(~u) < ~,¢~(u) for u > v > 0  then 
L* is uniformly finite. 

Proof. Let K be a positive number. I f f  is in the unit ball of L* and t is a positive 
integer such that e l >  K and if 

e = (xlx x, If(x)l_-<v} then 

M(KT) < M(~tf) 

= f o(¢7)d. + fx.y )d. 
< O(~tv)p(E) + 2tM(f) 

=< ~(~'v) ~(x)  + ).'. 

Thus sup M ( K f ) <  ~ .  Hence L* is uniformly finite. 
M(/') ~ 1 

Tnv.OR£M 2. I f  (X,S,#) is a positive finite non-atomic measure space then L* 
is uniformly non-l~, 1) /f and only if 
(i) There exist positive numbers C and ~, 1 < 4, such that 

2 " -  1 
S~(U;~)<  S(U) if S ( U ) > C > O a n d  C ~ U > 0  for l < i < n .  

n 

(ii) ~- ¢ q~(vo) if ~(Vo) - #(X) " 

ProoL Let us assume that L* is uniformly non-l~ (1). Then definition 2 

guarantees the existence of real number Go > 1 such that if {f~}~ 1 are any n 
functions in the unit ball of L* then for some choice of signs 

M o n 

We shall prove that ~ fulfills the condition (i) with the choice of ~ = Go. Assuming 
U n the contrary there exist non-negative numbers { ~}~ = 1 such that 

n 2 " -  1 
S(U) > /z(X---~ and SI(U;~) > ~ n  S(U). 

n 
~(x) >= s(u) 

Since 

YA ~2,- l such that there exist 2"-1 pairwise disjoint measurable sets t ij~ = 1 

n 
/~(A~) = 2,_1S(U) for 1 < i < 2 "-1 
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Now we can complete the proof by constructing the functions {fi}7= i as in 
theorem 1 contradicting the choice of ~o. Next we shall show that 

If possible let 

di)( v° n ¥ ) # !,(Vo). 

V o )  = 1 ¢ ( % ) .  Since*(v  o) = n 
+ n n 

and X is a nonatomic measure space there exist n pairwise disjoint measurable sets 
{ ~}i=lA ~ such that da(Vo)l~(Ai) = 1. Let  f i  = vozA, for 1 _< i _< n. Then clearly 
M(f~) = I[fi I[ = 1 for 1 -< i < n and for all choices of signs 

since 

/')0 

by Remark 1. Hence a contradiction arises on the choices of Go. 
Next we shall prove that if • satisfies the inequalities (i) and (ii) then L* is 

uniformly non-l~ 1). If • satisfies inequality (i) and ~(v~) = C then by choosing 
the vector U such that CiU = u > Vl it is verified that ~(¢u) < 2" - l~ (u )  for all 
u > Vl. Thus L* is uniformly finite by Lemma 3. Since 

Vo) 1 ¢(0o) 
* n # n  

and • is continuous it follows by Remark 1 that there exists a real number vl 
such that 0 < vl < Vo, ~(v~) > 0, and 

# nl  ~(01) # ~1 ~(Oo). Let~(vl)  = 0~(Vo) = 0--/,(X) 

where 0 < 0 < 1. In the condition (i) we can assume that C > n [#(X) .  

Let 

K = U I U e R" and/~( .~)  < S(U)  < C . 

We note that S I ( U ;  1)<(2 n-1/n)  S(U)  for U ~ K  as a consequence of Remark I 
and of the inequality ~(v 1/n) < (1/n) ~(ol). Since • is continuous and K is a 
compact subset of  R n there exists a real number ~1 > 1 such that 
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2"-- 1 
S~(U;~I) < ~ S(U) forall  U~K. 

n 

Let Go = min(~l,¢). Then for all U such that 

0/7  , n - 1  
S(U) >_ SI(U;¢o) < 2 n S(U). 

145 

since 

M ( f 3 > l - t  for l < i < n  

then for some choice of signs 

~ M  ( f l + f 2 + ' " n  ---f~ ) = ~ 

+I2 

M ( fj+f2+''''+-f~n ) <  1 -  q. 

Let E = {x I I2~'= 1 ~(f,(x)) > Oq/p. Then we obtain the following inequality. 

fr ~( fl + f2 + ''' + ) d# 

Lo( :,+-...+-:.. ).. 
< t_2"-' fr 2"-' fx = Go n ~" ~(f~)du + tb (fi)d# 

n ~E  

- 1 ] 2 " - 1  (1 - t- 0)-..(I) < 2 " - 1 -  1 ~o] 

L 0~/ 
• (fi)d# > n(1 - t) - -~-X~-#(X ,,~ E) 

n(1 - t ) -  nO. 

Setting 1 - q  = ( 1 -  t - 0 ) ( 1 - 1 / 4 0 )  we obtain from inequality (1)that  for some 
choice of signs 

M(fl+-f2+-'"+-f"n ) <  1 -  q. 

Hence L* is uniformly finite and the associated function M(f) satisfies the inequa- 
lity in Lemma 2. Thus L* is uniformly non-l,(, 1) and the proof of Theorem 2 
is complete. 

James [1] has shown that a uniformly non-1 °)  Banach space is reflexive if it has 
an unconditional basis. Since it is not assumed that ~u is separable, the Banach space 
L* is not necessarily separable, Luxemburg [2]. However, it will be shown that 

Let t be a real number such that 1 - t > O. We shall prove that there exists an q, 
1 > r/> 0 such that if {f~ }~'= t are n functions in the unit ball of L~ with 
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every uniformly non-l~ 1) Orlicz space L* is reflexive. We observe first a conse- 
quence of the inequalities in the statements of Theorems 1 and 2. If  for some 
~ > 1 ,  

2 n- 1 
S I ( U ;  ~ ) ~_ S(U)  

n 

for every n-vector U with non-negative coordinates then choosing U such that 
C~U = u > 0 and CiU = 0 for 2 < i < n it is verified that (A) for u > 0, 

Similarly if 

o ( u  ~) ~= l @(u). 

n-1 
SI(U ; ~) <= 2 S(U) 

n 

for U such that S(U)__> C > 0 then there exists a v > 0 such that (B) for all 
u>=v>O, 

() 
If  • is the Young's complement of O, and if • satisfies (.4) or (B) then there 
exists a constant K > 0 such that ~(2u) < K~(u) for all u > 0 or ~(2u) < K~(u) 
for large values of u according as (A) or (B) is true. 

T~OREM 3. I lL* is uniformly non-!~ 1) then it is reflexive. 

Proof. Since • and • satisfy the growth conditions ensuring that/. ,0 and L ,  
are linear it follows from theorems 4 and 5, Rao [4] that L~ is reflexive. 
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